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Abstract

This paper introduces a method based on the spectral representation of exponential and power
operations to tackle the complexity issues associated with dependability characteristics in
Markov systems. The conventional formulas become impractical due to the exponential growth
in the number of states, which becomes a significant challenge in binary component systems. In
such contexts, an approximation method is proposed in a controlled mathematical framework to
realize accurate reliability assessment for highly reliable systems. In this paper, formulas for
computing system dependability such as reliability, failure rate, conditional survival
distribution, etc. are derived and proved to be useful and accurate for the reliability assessment
of non-ergodic systems, while the availability of ergodic systems is derived. The only elements
needed here are the largest eigenvalues and corresponding eigenvectors of the generate or
subtransition matrix, which describes the approximation of reliability. Finally, the approximate
results and exact results are verified through numerical examples, proving the correctness of the

proposed method.

Keywords: Markov process, phase-type distribution, reliability, asymptotic failure rate,

spectral analysis

1. Introduction

In practical engineering, the comprehensive advancement of
technology and the diversification of demands have led to a
continuous increase in the scale and complexity of systems.
While this progression yields significant enhancements in per-
formance, it has also heightened the demands on system reli-
ability and security refer to [1]. Reliability analysis for com-
plex systems including failure rate, availability, conditional
reliability, and mean time to failure, has emerged as one of
the prominent and challenging topics in academic research [2].
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However, due to the inherent diversity and complexity of these
systems, traditional reliability calculation methods become
impractical when confronted with a large number of compon-
ents. For instance, even a system composed of 20 binary com-
ponents may exhibit over a million possible states, this neces-
sitates managing matrices exceeding one million by one mil-
lion dimensions. This renders traditional reliability calculation
methods not only excessively complex but also computation-
ally prohibitive refer to [3]. Therefore, it is crucial to obtaining
approximate reliable results within a well-defined mathemat-
ical framework.

Itis widely acknowledged that performing an exact reliabil-
ity assessment is practically infeasible in most complex scen-
arios. This reality has spurred increasing interest in employ-
ing approximate methods for reliability analysis. The asymp-
totic approach is applicable as time ¢ approaches infinity, offer-
ing significant simplification when the system or certain char-
acteristics rapidly reach a steady-state regime refer to [4].
Alternatively, asymptotic analysis can also be performed in
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series or functional settings, particularly when considering
a large family of systems under weak convergence schemes
refer to [5]. Numerous researchers have conducted relevant
studies, which can ultimately be classified into three main
approaches. The first method involves aggregation techniques,
which entail consolidating large subsets of states into a single
macro-state, resulting in a more manageable system with
fewer macro-states e.g. see [6—8]. However, it should be noted
that typical reliability systems do not generally fulfill the exact
aggregation conditions. Specifically, reversible Markov chains
must possess a positive stationary distribution according to
[9, 10], whereas irreversible Markov chains necessitate the
application of more sophisticated methods refer to [11], which
has brought challenges to the related research work. To address
the limitations of this method, a second approach has emerged
involving simplifications through asymptotic series schemes.
The asymptotic method within this context is better suited
to reliability problems, e.g. see [5, 12], primarily relying on
the weak topology of stochastic process convergence within
Skorohod space refer to [13]. Nevertheless, this methodology
requires an extremely high level of mathematical foundation,
which constitutes a considerable challenge for novices.

The spectral analysis method is employed to address these
challenges and has found extensive application across vari-
ous engineering domains, attracting growing attention from
researchers in related fields [14, 15]. Traditionally, [16]
explores the application of spectral analysis in digital trans-
mission systems. In another study, [17] utilizes spectral ana-
lysis to extract signal features that enhance fault diagnosis
techniques, thereby improving the accuracy and reliability of
gear fault identification. Furthermore, spectral analysis can
also be well applied in Markov systems. For instance, [18]
describes the spectral algorithm for learning hidden Markov
models and highlights that the relationship between observa-
tions and hidden states can often be uncovered using spec-
tral methods correlating past and future observations. Further,
[19] asserts that spectral analysis allows for an examina-
tion of the rank and characteristics of Markov processes, as
well as their representability, aggregability, and generaliz-
ability. Nevertheless, the computational complexity of this
method grows cubically with the number of system states,
creating obstacles to its implementation in large-scale sys-
tems. Subsequently, [20] introduces the use of spectral repres-
entation in Markov switching bilinear processes and derives
the corresponding spectral density function for the model.
Meanwhile, [21] employs spectral analysis to investigate sta-
bility and performance indicators in queuing systems, such as
waiting time distributions and service times. In recent years,
[22] provides a systematic and comprehensive introduction to
spectral graph theory applied in Markov chains, focusing on
exploring properties of eigenvalues and eigenvectors corres-
ponding to their transition matrices. The aforementioned find-
ings indicate that the spectral analysis method offers signific-
ant theoretical support for the reliability assessment of system.

In engineering practice, system typically encompass mul-
tiple operational modes and states, as Markov processes can
effectively characterize the dynamic transitions of system
states through state transition probabilities. This approach

has been extensively utilized across various domains, par-
ticularly in communication networks and financial models.
Furthermore, the role of Markov systems in reliability evalu-
ation has become increasingly prominent. By assessing poten-
tial system failures, these systems can more efficiently eval-
uate risks and facilitate the implementation of preventive
measures. Specifically, some researchers aim to guide design
decisions by establishing reliability assessment models for
Markov systems that strike a balance between performance
enhancement and cost efficiency, such as applying the model
to a k-out-of-n structure within traffic system, refer to [23],
and also marine power system, refer to [24], etc. Additionally,
scholars have developed availability decision-making models
for Markov systems to formulate more rational maintenance
policies, providing valuable insights for practical engineer-
ing see, e.g. [25-27]. Although Markov systems have demon-
strated significant advantages in the reliability assessment of
many systems refer to [28, 29], it is notable that the state
space of such systems is limited. When this method is applied
to large-scale systems, the traditional exact solution methods
show obvious deficiencies. However, thus far no studies have
specifically employed approximation methods aimed at organ-
izing the application of this approach concerning the reliability
indicators of Markov systems.

To fill this void, this paper introduces asymptotic approx-
imation methods for dependability, such as reliability, avail-
ability, asymptotic failure rate, conditional lifetime reliabil-
ity and mean time to failure of Markov systems in continu-
ous and discrete-time cases. This method only requires the
Perron—Frobenius feature pair to represent the asymptotic reli-
ability. Furthermore, some scholars have proposed another
method, namely the free-eigenvector method. However, this
necessitates obtaining all eigenvalues [see, e.g. 30]. Itis widely
accepted that employing spectral representation in compu-
tations requires calculating both the eigenvalues and eigen-
vectors of the underlying matrix. Consequently, we aim to sim-
plify calculations by focusing solely on the largest eigenvalue
from a portion of the generator (or from the transition matrix
in discrete-time cases) corresponding to up states along with
their respective right and left eigenvectors. These elements can
be derived using specialized algorithms without needing to
compute all eigenvalues or eigenvectors. This method yields
highly accurate results, particularly for systems characterized
by high reliability. The findings are illustrated through numer-
ical examples. In summary, our contributions to existing the-
oretical research are outlined as follows:

o A novel method for assessing system reliability is proposed,
which is based on spectral representation and is solved by
calculating the eigenvalues and eigenvectors of the base
matrix.

e The asymptotic method for the dependability analysis of
Markov systems is investigated, which effectively solves the
reliability assessment for homogeneous Markov systems.

o The dependability such as reliability, failure rate, and condi-
tional survival distribution for both continuous and discrete
time cases are approximated and compared with the exact
results.
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e Extended the model from non-ergodic systems to ergodic
systems, and the asymptotic instantaneous availability
formula is developed and verified with the steady-state
availability.

The remainder of the paper is structured as follows: First, the
non-ergodic system is considered, which is characterized by
a single absorbing state. Based on this, section 2 provides
detailed descriptions and fundamental assumptions regard-
ing Markov systems, while developing approximate depend-
ability measures such as reliability and failure rate, which
are derived from continuous-time Markov processes of non-
ergodic systems. Section 3 extends the approximation formu-
las to discrete-time cases of non-ergodic systems and pro-
poses additional approximate formulas for reliability met-
rics. Subsequently, the model is extended from non-ergodic
to ergodic cases. Section 4 elaborates on Markov processes
for ergodic systems, providing approximate expressions for
asymptotic instantaneous availability and steady-state avail-
ability functions. Section 5 provides numerical examples,
with one related to continuous time and the other to discrete
time, along with a detailed discussion on the ergodic case.
Concluding remarks are also presented in section 5.

2. Research on the asymptotic for non-ergodic
system

For non-periodic Markov systems, it is firstly examining
the continuous-time case and subsequently transition to the
discrete-time domain in the following subsection. In both
scenarios, the system under consideration is non-ergodic and
characterized by a single absorbing state. An absorbing state
refers to a condition within a system from which escape is
impossible once it has been entered. In practical applications,
an absorbing state may represent a terminal condition, such
as the completion of a chemical reaction or the attainment of
equilibrium in a physical system. The presence of an absorbing
state significantly influences both the behavior and long-term
characteristics of the system.

2.1. Continuous-time case

For the convenience of the subsequent derivation, we first give
the following definitions. Let N denotes the set of natural num-
bers {0, 1,...}, and N* is defined as N*\ {0}. Let R = [0, c0)
denote the set of positive real numbers thereafter.

2.1.1. Reliability and failure rate. To begin with, we first
consider a random system whose temporal behavior is char-
acterized by a continuous-time homogeneous Markov pro-
cess {X;,t > 0} with a finite state space E = {1,2,....,r + 1}
and generator matrix A = (a;,i,j € E). The subset Ep=
{1,2,...,r} comprises the working (up) states, whereas state
r+ 1 represents a failure (down) state. Furthermore, define the
lifetime of this system as 7, given by

T:=inf{t>0:X,=r+1}.

This expression represents the earliest time ¢ at which the
system transitions to state r + 1. Generally, set inf {} = oo, but
in this context, there is no need for such designation since state
r+ 1 will inevitably be reached in a finite time with probability
one.

Let us define the following partition of the generator A, fol-
lowing the sets Ey and {r + 1}, Ao represents the up states,
while A represents the down states, then we have

[ Ay Ay
(V0
and the initial row vector ayy of the process X; i.e. the law of
the r.v. Xy,

o = (a07 ar+1) y

where « is the initial vector on E;, and then define the
vector 1, an r-dimensional column vector of ones [see, e.g. 31,
32].

Subsequently, let us denote F;, f and R as the distribution
function, the probability density function and the reliability
function of T, respectively. The distribution function of T is,
see, i.e. [33]

1 —F() =R(t) = ape'1,1 > 0. (1)

This is a continuous-time phase-type distribution [see, i.e.
34, 35].

It is worth noticing that in the following sections, we will
represent probability vectors as row vectors and deterministic
vector functions as column vectors. Consequently, we denote
the standard failure rate of the system by A(¢), which can be
expressed as

At) =5 =——7:t20. 2

Furthermore, we will present this general definition in the
context of the specific case of the aforementioned Markov
system.

Since reliability serves as a crucial indicator for the system
and is challenging to compute for some complex systems, the
asymptotic results of system reliability are presented below.
This approximation closely aligns with the true value of reli-
ability. In section 4, we will provide comparison curves that
illustrate both the exact and approximate results. For this pur-
pose, the following assumptions are given that matrix A is
irreducible. In that case, there exists a real eigenvalue of Ay,
denoted as sy, which is greater than the real part of any other
eigenvalue, i.e. so > Re(s), s is any other eigenvalue of Ay.
Which is greater than the real part of any other eigenvalue, i.e.
5o > Re(s), s is any other eigenvalue of Ag.

Proposition 2.1. The asymptotic reliability is expressed as

R(f) =Ke ™40 (efl‘?“l’) ,
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where the constant K: = aoBol, and the matrix By: = uv/u'v,
with u and v the positive right and left eigenvectors of A cor-
responding to the largest eigenvalue so. The prime here, u', is
the transpose of the column vector u, so u" is a row vector.

The vectors here are column vectors and @’ means the trans-
pose of vector a. Let us start by a preliminary result. This res-
ult is well known, under different forms, in spectral analysis of
exponential operators [see, e.g. 36, 37]. Based on this, alemma
is given as follows.

Lemma 2.1. If states Ey are a communication class, then we
have the following representation

e’ = Bpe 10l o (e"s‘)“) .1 — 00,

where By = uv /u’v is a square matrix r x r and o (e~ /*I) is
a matrix small ‘0’ with elements of order o (e~II7).

Proof. The proof of this result is obtained in a straightforward
way by bringing lemma 2.1 into formula (1). O

This proves proposition 2.1.
On this basis, here also given that Ag is irreducible, the
asymptotic expression of failure rate can be naturally obtained.

Proposition 2.2. (i) The failure rate of a Markov system [32]
is given as

B a()AQertl

MO = = e

(ii) The asymptotic failure rate is

_ OL()A()eAOtl

Ao := lim A (1) = T

t—o0

Proof. It can be directly derived by taking the derivative of the
formula (1) with respect to ¢ and then substituting it into the
formula (2). U

For proposition 2.2(ii). From the above lemma 2.1, we can
obtain

A, —|solt — 5ot
oeto 1 = ke~ Il —|—0<e |S°|),t—>oo

where K:= ayBy1.
Now, from the formula of A(¢) in (i), we can write as follows
when t — oo,

aQAO I:Boe_hn‘l‘ +o0 (e—|S0|t>] 1
- Ke~Isolt o (e=A1)
(X()BOAOle_‘SO‘l +0 (e—|So|t)
B Ke—lsolt + ¢ (e*'So‘t)
Kle_“YO‘l +0 (e—l‘vn‘t)
- Ke—lsolt + ¢ (e*\So\l)
_Kito(l)
T K+o(l)

Al =

K
— —t— 00.
K

Note that we have —K| = apBpAol (A and B, are commute),
and K is as defined above. This proves proposition 2.2.

2.1.2. Conditional reliability. In addition to reliability and
failure rate, conditional reliability also plays a crucial role in
ensuring system operation. It emphasized the minimum estim-
ated remaining time before system failure, which can provide
valuable decisions for system maintenance and minimize the
risk of unplanned downtime refer to [38].

Consequently, the formal definition of the conditional sur-
vival distribution of the system at a fixed time 7 > 0 is presen-
ted. This pertains to the remaining lifetime at time 7, namely,
T—t, assuming that the system has not failed before 7, then we
have

R(x)=P(T—t>x|TNt) = ——= 3)

The following proposition has also been proved by [12],
through Laplace transform and complex analysis. For better
understanding, here we provide a simpler and more compre-
hensive proof based on lemma 2.1 above.

Proposition 2.3. (i) The conditional reliability at t > 0 is
given by

_ Ao (1+x)1

Rl (‘x) aoeAU’I

(ii) The asymptotic conditional reliability can be written as

Roo (x) := lim R, (x) = e~ 1%k,

t—o0

where Ay is irreducible.

Proof. For (i), it can be proved directly by formula (3) and
proposition 2.1. O

For (ii), for any fixed x > 0 as t — oo, we can obtain

o [Boe—\fo\(H—X) Lo (e—\fo\l)] 1
Ke—Iol o (e~I»l)

KeWole+9) | o (e=lolr)
Ke*|30‘f—|-0(e*|50|’)
Ke~1l(2) 4 o (c—lolr)

K+o(1)
_ Ke k4 0(1)
K+o(l)

So|x

R (x)=—

—el , 1 — 00.
This proves proposition 2.3.

In reliability-related issues, E(T') represents the mean time
to failure, which is usually defined by MTTF. We can also give
the conditional MTTF at time t as

R
MTTF, :=E[T— T > {] =/ —
0
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Proposition 2.4. (i) The conditional MTTF at time t is

Ay let]

MTTF, = - =

(ii) The asymptotic MTTF, for t — oo is given by

K
MTTF, := lim MTTF, = -2,
t—00 K
where K, := —ozUA(;lBol and K := ayBy1, as defined before,
and Ay is irreducible.
Proof. For (i), It can be proved directly by formula (4) and
proposition 2.1. O

For (ii), now for t — oo, proposition 2.4(i) and lemma 2.1
can be obtained as

oAy let'l
OL()CAOtl
aOAO—I [Boe—|s0|(t+x) to (e—|sn\t)] 1
Ke~I9olt 4o (e~I%lr)
Kre™ 1%l 4 ¢ (e*\SO\f)
- opeto’l
Ky, +o (1)
T K+o(l)

MTTF, = —

K
= ?,[—>OO7

where K; := ad ]Bol, and the proof is completed.
This proves proposition 2.4.

2.2. Discrete-time case

Compared to the preceding section, this section focuses
on approximation methods within the discrete framework.
Specifically, the system under consideration is characterized
by a Markov chain X,,,n > 0, which operates within the state
space E = {1,...  r + 1}. The transition dynamics of this
Markov chain are governed by the transition matrix P = (P,
i, j € E) and Py the restriction of P on Ey x Ey. That is

_( Po Py
(5 0)

and the initial row vector « of the chain X,,, i.e. the law of the
r.v. Xo,

a = (a07ar+l)a'

This proves proposition 2.4.

where o is the initial probability vector on the states Ey. T
is the lifetime defined as in the continuous-time case.

Let p = (pr,k € N) be the law of T, i.e.

and py = a4, which is the well-known discrete-time Ph-
distribution, for details refer to [34].

Therefore, employing the concept of reliability which
indicates that no failure occurred before k € N is, see, [39],

R (k) = aPf1,

and R(0) =1, a(r) = 0.
Afterwards, the failure rate in discrete-time is defined by a
sequence of positive real numbers (A, k > 0),

R(k)

M =P(T=klTZ2k)=1— —~"

k=1,
and \p = 0.

Since this failure rate is defined by [40], which is termed
as BMP-failure rate. This is a probability and consequently it
takes values into the real interval [0,1] which is different from
the continuous-time case where the failure rate takes vales
within the positive real numbers. For this reason, [41] intro-
duced a new more adapted failure rate with values into the
positive real numbers, and termed it as RG-failure rate, see
also [39]. Then we have

R(k—1)
=In———=k>1,
CTTRK
and ro = 0. In fact, ry = —In(1—\y). It is worth noticing here

that for small values of )\, we have that the two values \; and
r¢ are very close to each other.

The primary assumption here is that the matrix Py is irre-
ducible. Denote by g the largest eigenvalue of Py, which is
of multiplicity one, and u and v are the positive right and left
corresponding eigenvectors. Based on these, some useful con-
clusions can be drawn as follows.

Proposition 2.5. The asymptotic form of reliability is
expressed as

R (k) = Dog + 0 (qf) .k — oo.

Proposition 2.6. (i) The BMP-failure rate of the above system
is

Pi1
M= 1= 00 >,
aon)_ 1
and Ny = 0.
(ii) The RG-failure rate is
P11
Tk ::lnioé0 Ok k>1,

and ry = 0.
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(iii) The asymptotic failure rates under the assumption of
the irreducibility of Py is given as

)\oo := lim )\k =1 —q0,
k— oo
and
Too := lim ry = —Ingy.
k— 0o

2.2.1. Conditional reliability. ~ The logic for the conditional
reliability definition is that at a fixed time k£ > 0, as in the
continuous-time case, is denoted by

R(k+m)

Ry(m):=P(T—k>m|T>k)= R()

for k = 0, we have Ry(m) = R(m). T is the system lifetime,
Generally, set inf{} = oo for the 7, which ensures T = oo
is well-defined in the theoretical case where the system never
fails, even though T is finite with probability one in our irre-
ducible Markov system.

Proposition 2.7. (i) The conditional reliability at time k > 0
is

B aOPg—Q—ml

Rk (m) .
aoPél

(ii) The asymptotic conditional reliability, under the assump-
tion that Py is irreducible, is

Roo (m) := lim Ry (m) = gy

k— 00
‘We can define also the conditional MTTF at time &

R(k+m)

MTTF :=E[T—kT>k =" 0

m>=0

Proposition 2.8. (i) The conditional MTTF at time k is

(ii) The asymptotic MTTF, when k— 00, under the assumption
that Py is irreducible, is

MTTF, := lim MTTF; = 1 — gy.
k— o0
The proofs of propositions 2.5-2.8, concerning the discrete-
time, are based on a similar result, that is lemma 2.2 below.
This is also a well-known result, [see, e.g. 36, 37].
Let g be the greatest eigenvalue of the matrix Py and u and
v the corresponding right and left eigenvectors.

Lemma 2.2. [fstates Ey are a transient communication class,
then

Pj=Cogy +0(q5) k€N,
where Cy:= uv® /uv.

Then propositions 2.5-2.8 are proved in a very similar way
as in the case of continuous-time.

3. Research on the asymptotic for ergodic system

In this section, we extend the model mentioned before from
non-ergodic to ergodic. In engineering practice, ergodicity
also seems as a measure of the stability of the system which
can refer to [42, 43] for details. Let us consider an ergodic sys-
tem with finite state space E = {1,... d},d > 2, i.e. irreducible,
which can be split into two subsets, say Ey and E; described
by a Markov process X. The states in Ey are working states
and those in E| are failure states [see, e.g. 33]. Without loss of
generality, we assume that working states are first enumerated
from 1 to r and then the down states are enumerated from r + 1
tod.

To begin with, « is denoted as a row d-dimensional vector
of the initial law of the Markov process. Furthermore, we also
denote 1,, as the d-dimensional column vector with one in the
first r places and zeros in the others, then we have 1,, = 1.

The generator A of the Markov process has the eigenvalue
0, with multiplicity one. Let us consider the second largest
eigenvalues of A, say 51 < 0 = sp.

Denote also by 7r the stationary probability of the Markov
process X, i.e. a row vector 7 of the stationary law which sat-
isfies the equation wA = 0.

The instantaneous availability is given by, see, [33, 44],

Al) = ce*y,. (5)

The asymptotic for steady-state availability of such a system
is well-known, see, e.g. [33], to be
A =1lmA(f) =71y,
— 00
Proposition 3.1. For the continuous-time case, the instantan-

eous availability A[f] (t € Ry.) of the system has the following
asymptotic representation

A() =As +Cre Ml 1o (e"‘“") .t — 00,

where the constant C, = aBi14, and the square matrix
Bi:=uwv,T /u\T v\. The vectors uy, v, are, respectively, the
right and left positive eigenvectors of A, corresponding to the
eigenvalue s;.

For the discrete-time case, we have a similar representation
of the system described by a Markov chain X,. Instead of the
generator A we have the transition matrix P. Let the station-
ary law given by a row vector 7, i.e. wP = 7. Consider also
the second largest eigenvalue g1 of P, say 0 < q; < qo = 1.
Then the instantaneous availability is given by previous
work [33, 44],

A(k) = aP*,,.

The asymptotic availability is given by the same formula
as above in the continuous-time case, i.e. Ao =71y, =
Y i1 T

Let us denote II the matrix 1 ® 7t, i.e. the matrix d X d,
where each line is the stationary probability vector 7. It is
worth noticing that we use the same notation 7t and 1I for the
continuous and discrete-time cases.
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Lemma 3.1. (i) (Continuous-time case). The transition prob-
ability matrix of the Markov process has the asymptotic rep-
resentation

P()~ 11 = exp(Ar) ~ 11 = ¢ 1B, 40 (e ).

(ii) (Discrete-time case). The transition probability matrix for
k steps of time, of the Markov chain, has the asymptotic rep-
resentation

P —11 =B +o(q}).

Proof. From the above formula of instantaneous availabil-
ity (5), and lemma 3.1 (i), we have

Al)=a|ll +e MlB, 1o (e_ls“t)} 1.,

=A+Cre Ml 40 (e_ls‘ |’) )

This proves proposition 3.1.

Proposition 3.2. The instantaneous availability, A(k), k € N,
of the system has the following asymptotic representation

A(k) = Ao + D1} + 0 (q}) ,k— o0,

where the constant D|: = aB 1y, and the square matrix
Bi: =uwv,T /u\T v\. The vectors uy, v, are, respectively, the
right and left eigenvectors of P, corresponding to the eigen-
value q.

Moreover, if we consider the ergodic process only up to
the lifetime 7, i.e. T=inf {t > 0:X, € E, }, then this system
is equivalent to the nonergodic system considered in the first
part of this paper. That is the down states E; are replaced by
one aggregated state, say A, instead of state r + 1, and the
generator L of an equivalent process to X;, up to the time 7,
say Y;, 0 <t < T, can be written as

[ Ao Aol
(% ).
Of course, up to the time 7—, we have X, (w) = Y,(w), for
all w.

The proof of proposition 3.2 is similar to the previous one
in continuous-time.

4. Numerical examples

As an illustration, the model proposed in this article can be
widely used in many practical engineering scenarios, espe-
cially the reliability of dependability and survival analysis. In
order to validate the utility of the proposed model, it is neces-
sary to assess its effectiveness and practicality in real-world
scenarios through rigorous testing and evaluation.

Example 1. (continuous-time non-ergodic system).
(Continuous-time non-ergodic system). Specifically, take the
rotor system of the aircraft engine as an example, which is

the key rotating component of the aircraft engine, different
tasks require various speeds, such as take-off, climb, cruise,
and other working conditions. The rotation speed of the rotor
system also varies according to different working conditions,
which can be assumed as a Continuous Time Markov Process
model. When the rotation speed is too high or even exceeds
a certain value, it will cause dry friction between the rotor
and the stator, directly leading to system failure, which can be
viewed as entering an absorbing state. We assume that the air-
craft will go through four states from being put into operation
to failure, namely states 1, 2, 3, and 4. Then the state transition
situation can be represented by a 4 x 4 matrix.

Furthermore, we assume a new rotor system is placed
into service in perfect operating order at time ¢t = 0. The
working conditions that vary with time are represented by a
Continuous-time Markov Process, denoted as Z;. Specifically,
its infinitesimal generator A can be assumed to be as follows

06 03 02 0.1
4| 01 —07 04 02
| 01 04 -08 03 |

0 0 0 0

where states 1, 2, and 3 are transient which refers to environ-
ments where systems can function, and state 4 is absorbing
which refers to the extremely harsh working conditions where
the system is failed. The initial distribution vector is assumed
to be a = (1, 0, 0, 0), indicating that the system begins oper-
ating with the normal working condition. Since the maximum
eigenvalue plays a critical role in the asymptotic method pro-
posed above, and there are several algorithms to provide the
eigenpair with the largest eigenvalue, see, e.g. Power iteration,
with linear convergence, and Gram iteration with super-linear
convergence [45]. In this article, the power iteration method is
applied, and the maximum eigenvalue calculated by the power
iteration method is the same as the traditional method, and
meantime, when the eigenvalues tend to a steady state and
finally converge to the maximum eigenvalue sy, the calculat-
ing residual is less than 103, which illustrates the correctness
and accuracy of the method.

After that, based on the maximum eigenvalue we obtained,
the dependability indexes asymptotic approximation results
for Markov systems can be obtained respectively.

Based on proposition 2.1, the curve of the reliability vari-
ation is shown in figure 1. Besides, when t — oo, the reliability
gradually approaches 0.

Derived from proposition 2.2, the curve of the failure rate
variation can be drawn in figure 2. Besides, when ¢t — oo, the
failure rate can be calculated \,, = 0.215 789.

Based on proposition 2.3, the conditional survival distri-
bution, or equivalently the conditional reliability, can be cal-
culated as follows. The curve of conditional reliability R,(x)
when m = 1, is shown in figure 3, the conditional reliability is
R, = 0.805 902 when t — oo, while when m = 6 is shown
in figure 4, the conditional survival time is R, = 0.273 964
when t — oo.
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As we can know from the figure above the conditional sur-
vival time curve holds great significance in engineering and
biomedical practice.
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Based on proposition 2.4, the conditional MTTF; and R(¢)
for the system can be drawn in figures 5 and 6. The asymptotic
MTTF, is MTTF,, = 4.63 408 when t — oco.

As indicated by the above results, the remaining reliability
and conditional MTTF can be calculated at any given time for
the system, and further provide valuable guidance for main-
tenance strategies.

Example 2. (Discrete-time non-ergodic system).
Furthermore, we extend the continuous model to the discrete
model by discretizing time ¢. The discrete model will be suit-
able for a wider range of scenarios, which is more convenient
for calculation, and when the state space is large, discretiza-
tion is more conducive to the convergence of the algorithm.
Here a small & > 0 is taken as the step size and n is the step
number, then ¢ = n-h. In that case, we have P = P, = eA”.
Firstly, we assume 4 = 0.5.

According to proposition 2.6, the curve of the BMP-failure
rate variation and the RG-failure rate variation for the above
system are shown in figures 7 and 8.

It can be found that the results obtained by the two meth-
ods of calculating the failure rate are consistent with the res-
ults obtained by the asymptotic method, which verifies the
effectiveness of the method when & — co. In parallel, the
failure rate attained by two methods is Ao = 0.102 279 and
oo = 0.107896, which are very close to each other, well-
validated the correctness of the results.

Based on proposition 2.7, we can obtain the conditional
reliability of the system at any time. When m = 2, the curve
of the Ry(m) variation is shown in figure 9, and the conditional
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reliability can be calculated Ri(2) = 0.805902 when k — o0;
the curve of conditional reliability when m = 12 is shown
in figure 10, and the conditional reliability can be calculated
Ri(12) = 0.273964 when k — oc.
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Figure 12. Curves of the A(?) of ergodic Markov process.

Based on proposition 2.8, the curve of the MTTF; is shown
in figure 11. From the figure, we can see that when k — oo,
the condition MTTEF; is 0.805 902.

Example 3. (Continuous-time ergodic system). In this case,
the model is extended from non-ergodic system to ergodic
system, which is also a very common situation in engineer-
ing practice. Then consider a modification of Example 1. It is
assumed that the generator A’is given by

-06 03 0.2 0.1
Al — 01 =07 04 02
B 0.1 04 -08 03 ’

0.2 0 0 -0.2

which is an ergodic Markov process with the same working
and failed states. Based on proposition 3.1, the availability
curves of the A(7) are shown in figure 12.

It can be seen from figure 12 that the curves of instant-
aneous availability and steady-state availability almost com-
pletely overlap, and when ¢+ — oo, they are approximately
equal to the value of the limit availability A(¢) = 0.518 519,
which verifies the effectiveness and correctness of the pro-
posed method, and also provides valuable suggestion for
engineering practice.

Example 4. (Moran’s reservoir system). To elucidate our
model more effectively, here we introduce Moran’s Reservoir
model, which is extension of previous work [46]. Rooted in
probability theory and Markov chain methods, this model is
specifically designed to characterize the dynamic evolution of
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water volume in a finite-capacity reservoir under stochastic
inflow and deterministic outflow conditions.

Specifically, we consider a reservoir with a fixed capacity of
¢ € N* units of volume, which is observed at discrete integer
time points n. During each time interval [n,n 4+ 1], a random
quantity of water, denoted as Z, units of volume, flows into the
reservoir; notably, the inflow sequence Z, is typically assumed
to be serially independent. A core constraint of the model is
the overflow mechanism: when the total water volume in the
reservoir exceeds its capacity c after the inflow of Z,, any sur-
plus water overflows and is permanently lost. At the end of
[n,n+ 1], one unit volume of water, if available, leaves the
reservoir. Let Xn denote the level of water in the reservoir at
time 7, thus, the level at time n + 1 can be expressed as follows

X1 =X +Z— DT A(c—1).

If the variables Z, are assumed to be nonnegative and i.i.d.
with common distribution P(Z, = k) = py, then X, is a Markov
chain with state space E = {0, 1,..., c—1}, and transition mat-
rix for the system is

0O 1 2 c—2c—1
0 po+p1 p2 p3 De—1  he
1 Do P11 D2 De—2 he—i
2 0 Po D1 Dc—3 h672
c—2 0 0O 0 )4 ho
c—1 0 0O 0 Po hy

where h; = Zi>kl’i for 1 <k < ¢ Note that ¢ could be con-
sidered as a state of the chain, but then only X, could take this
value. Therefore, to validate that our proposed model is also
applicable to large-scale systems, we first assume ¢ = 1000,
resulting in a ¢ X ¢ matrix, with the other parameters set as
follows: pyg = 0.655; p; = 0.05; p, = 0.05; p3 = 0.145;
ps = 0.08; ps = 0.02. Based on these parameters, the avail-
ability is determined using proposition 4.1. Furthermore, Py
for the system is defined as follows.

P11 P2 Pc—2 hcfl

Po D1 Pc—-3 hcf2
Do : : )
0 O D1 hy
0 0 Do h

what we consider as the lifetime of the reservoir system is the
time to be empty, i.e, T=inf{n >1:X, =0}. We suppose
that X > 0, so the reliability of time n > 0is R(n) = P(T > n).
The reliability for the reservoir system is calculated by
proposition 3.1. Additionally, the comparison curve between
the exact results and approximate results is presented below.
Analysis of figures 13 and 14 reveal that when the system com-
prises 1000 states, both the exact and approximate results for
reliability and availability are identical, thereby confirming the
validity of the proposed method in large-scale systems.

e Exact result

0.8 s Approximate result

R(k)

04

0.2

Figure 13. Curves of reliability R(k) for reservoir system.
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Figure 14. Curves of availability A(k) reservoir system.

5. Concluding remarks

This paper introduces a streamlined computational method for
assessing the dependability characteristics of large systems
through an asymptotic approach. This methodology is predic-
ated solely on the largest eigenvalue (the Perron—Frobenius
eigenvalue) and the corresponding right and left eigenvectors
of either the generator or transition matrix, along with the
second largest eigenvalue pertaining to availability. In this art-
icle, we employ the power iteration method, which allows us
to efficiently estimate the dependability characteristics of real
systems modeled by a Markov process in either continuous or
discrete time.

Despite the fact that the theoretical results are given for ¢ —
00, we can see in the numerical examples, see e.g. Figure 15,
that the approximate value coincides from the first few time
units to the exact values. This is due to the very fast conver-
gence of order o(e~1*!").

What is remarkable here is that the performance degrada-
tion of the system is connected to the spectral properties of the
generator or of the transition matrix. For example, propositions
2.1 and 3.1, indicate that reliability degradation is as o(e~*l")
(or 0((qo)¥). in the discrete-time case), as the time ¢ — oo (or
k — 00), for continuous and discrete-time cases respectively.

For a very reliable system the largest eigenvalue sy < 0
(g0 € (0,1) is very close to 1) is very close to zero and its
degradation rate is slow.

The rate of convergence in the asymptotic representations
depends in fact on the gap of the largest eigenvalue of the
first and second eigenvalue, for the reliability characteristics,
and from second and third eigenvalues, for availability, both in
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continuous and discrete-time. That is, for the continuous-time
case, for the reliability, O(e_(‘s“_‘“')’), and for availability,
O(e~(=1=1s1D1) "(big ‘O’ here). For the discrete-time case we
have also, for the reliability, O((go — g1)*), and for availabil-
ity, 0((q1 — g2)*). It is worth noticing here that |s;| — |so| > 0,
|s2] = |s1]>0and 0 < go—¢q; < 1,and 0 < gy —gqp < 1. It is
worth noticing that in the non-ergodic case, the reliability is
equal to availability. The results presented here can be gener-
alized for the case of infinite countable state spaces.

In general, this paper proposes the derivation and applica-
tion of the asymptotic method in simplifying the calculation of
dependability characteristics of large-scale systems and veri-
fies it in both ergodic and non-ergodic systems. Meantime, the
power iteration method is used to directly calculate the sys-
tem maximum eigenvalue. In future research, we will explore
the application of more asymptotic methods in large-scale sys-
tem reliability assessment, and explore more algorithms for
quickly solving the maximum eigenvalue to provide meaning-
ful reference for engineering practice.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (Grant No. 72471191), and the
Shaanxi Province Postdoctoral Science Foundation (Grant
No. 2025BSHYDZZ009), and also thanks to the China
Scholarship Council under Grant No.202306290187.

References

[1] Zio E 2025 Advances in reliability analysis and risk
assessment for enhanced safety J. Reliab. Sci. Eng.
1013002

[2] Wang J, Luo L, Mu G, Ma Y and Ni C 2025 Joint optimization
of quality control and maintenance policy for a production
system with quality-dependent failures Expert Syst. Appl.
272 126800

[3] Compare M and Zio E 2025 Opportunities and risks of
artificial intelligence for industry 5.0 in the context of
reliability and maintenance engineering J. Reliab. Sci. Eng.
1015001

[4] Kuznetzov N et al 1997 Mathematical Theory of Reliability of
Time Dependent Systems with Practical Applications
(Wiley)

[5] Koroliuk S K and Limnios N 2005 Stochastic Systems in
Merging Phase Space (World Scientific)

[6] Li Y-F and Zio E 2012 A multi-state model for the reliability
assessment of a distributed generation system via universal
generating function Reliab. Eng. Syst. Saf. 106 28-36

[7] Jia X, Xing L and Song X 2020 Aggregated Markov-based
reliability analysis of multi-state systems under combined
dynamic environments Qual. Reliab. Eng. Int.

36 846-60

[8] Tan Z, Che A and Wu B 2025 A two-stage optimization model
for k-out-of-n competing risk systems based on Markov
reward processes Ann. Oper. Res. 357 1-31

[9] Tan Z, Wu B and Che A 2023 Resilience modeling for
multi-state systems based on Markov processes Reliab. Eng.
Syst. Saf. 235 109207

[10] Wu B, Tan Z, Che A and Cui L 2024a A novel resilience
assessment framework for multi-component critical
infrastructure IEEE Trans. Eng. Manage. 71 14011-31

[11] Fackeldey K, Sikorski A and Weber M 2018 Spectral
clustering for non-reversible Markov chains Comput. Appl.
Math. 37 6376-91

[12] Li W and Cao J 1993 The limiting distribution of the residual
lifetime of a Markov repairable system Reliab. Eng. Syst.
Saf. 41 103-5

[13] Harel M, Ngatchou-Wandji J, Andriamampionona L and
Harison V 2022 Weak convergence of nonparametric
estimators of the multidimensional and
multidimensional-multivariate renewal functions on
Skorohod topology spaces Stat. Inference Stoch. Process.
25 485-504

[14] Deodatis G and Shields M 2025 The spectral representation
method: a framework for simulation of stochastic processes,
fields, and waves Reliab. Eng. Syst. Saf. 254 110522

[15] Wu Y, Wang J, Cheng J and Yang S 2024 Dimension-reduction
spectral representation of soil spatial variability and its
application in the efficient reliability analysis of seismic
response in tunnels Reliab. Eng. Syst. Saf. 248 110175

[16] Bilardi G, Padovani R and Pierobon G 1983 Spectral analysis
of functions of Markov chains with applications /IEEE
Trans. Commun. 31 853-61

[17] Liu F, Cheng J, Hu N, Cheng Z and Yang Y 2024 A novel
random spectral similar component decomposition method
and its application to gear fault diagnosis Mech. Syst. Signal
Process. 208 111032

[18] Hsu D, Kakade S M and Zhang T 2012 A spectral algorithm
for learning hidden Markov models J. Comput. Syst. Sci.
78 1460-80

[19] Zhang A and Wang M 2019 Spectral state compression of
Markov processes IEEE Trans. Inf. Theory 66 3202-31

[20] Ghezal A 2023 Spectral representation of Markov-switching
bilinear processes Sao Paulo J. Math. Sci. 18 1-21

[21] Zhan X, Du X, Jie W and Huaicheng Y 2023 Performance
analysis of MIMO information time-delay systems with
message queue under multiple communication parameters
IEEE Trans. Syst. Man Cybern. Syst. 54 88-96

[22] Seabrook E and Wiskott L 2023 A tutorial on the spectral
theory of Markov chains Neural Comput. 35 1713-96

[23] Li Y, Zhang W, Liu B and Wang X 2024 Availability and
maintenance strategy under time-varying environments for
redundant repairable systems with ph distributions Reliab.
Eng. Syst. Saf. 246 110073

[24] Li'Y, Zhang W, Cui L and Gao H 2024 System reliability
modeling and analysis for a marine power equipment
operating in a discrete-time dynamic environment Qual.
Reliab. Eng. Int. 40 3422-38

[25] Chai X, Kilic O A, Veldman J, Teunter R H and Zhao X 2024
Condition-based reallocation and maintenance for a
1-out-of-2 pairs balanced system Eur. J. Oper. Res.

318 618-28


https://doi.org/10.1088/3050-2454/adbc65
https://doi.org/10.1088/3050-2454/adbc65
https://doi.org/10.1016/j.eswa.2025.126800
https://doi.org/10.1016/j.eswa.2025.126800
https://doi.org/10.1088/3050-2454/ad9f63
https://doi.org/10.1088/3050-2454/ad9f63
https://doi.org/10.1016/j.ress.2012.04.008
https://doi.org/10.1016/j.ress.2012.04.008
https://doi.org/10.1002/qre.2584
https://doi.org/10.1002/qre.2584
https://doi.org/10.1007/s10479-025-06930-z
https://doi.org/10.1007/s10479-025-06930-z
https://doi.org/10.1016/j.ress.2023.109207
https://doi.org/10.1016/j.ress.2023.109207
https://doi.org/10.1109/TEM.2024.3438157
https://doi.org/10.1109/TEM.2024.3438157
https://doi.org/10.1007/s40314-018-0697-0
https://doi.org/10.1007/s40314-018-0697-0
https://doi.org/10.1016/0951-8320(93)90022-Q
https://doi.org/10.1016/0951-8320(93)90022-Q
https://doi.org/10.1007/s11203-021-09263-3
https://doi.org/10.1007/s11203-021-09263-3
https://doi.org/10.1016/j.ress.2024.110522
https://doi.org/10.1016/j.ress.2024.110522
https://doi.org/10.1016/j.ress.2024.110175
https://doi.org/10.1016/j.ress.2024.110175
https://doi.org/10.1109/TCOM.1983.1095910
https://doi.org/10.1109/TCOM.1983.1095910
https://doi.org/10.1016/j.ymssp.2023.111032
https://doi.org/10.1016/j.ymssp.2023.111032
https://doi.org/10.1016/j.jcss.2011.12.025
https://doi.org/10.1016/j.jcss.2011.12.025
https://doi.org/10.1109/TIT.2019.2956737
https://doi.org/10.1109/TIT.2019.2956737
https://doi.org/10.1007/s40863-023-00380-w
https://doi.org/10.1007/s40863-023-00380-w
https://doi.org/10.1109/TSMC.2023.3304310
https://doi.org/10.1109/TSMC.2023.3304310
https://doi.org/10.1162/neco_a_01611
https://doi.org/10.1162/neco_a_01611
https://doi.org/10.1016/j.ress.2024.110073
https://doi.org/10.1016/j.ress.2024.110073
https://doi.org/10.1002/qre.3577
https://doi.org/10.1002/qre.3577
https://doi.org/10.1016/j.ejor.2024.05.028
https://doi.org/10.1016/j.ejor.2024.05.028

J. Reliab. Sci. Eng. 2 (2026) 025001

Y Zhang et al

[26] Shen J, Cui L and Ma Y 2019 Availability and optimal
maintenance policy for systems degrading in dynamic
environments Eur. J. Oper. Res. 276 133-43

[27] Wu B, Mai Y and Xue J 2025 Imperfect maintenance policy
for a degradation-shock model considering dynamic
environment effects and varying failure thresholds J. Oper:
Res. Soc. 77 1-18

[28] Eggertsson R, Eruguz A S, Basten R and Maillart L M 2025
Maintenance optimization for multicomponent systems
with a single sensor Eur. J. Oper. Res. 320 559-69

[29] Haensch A, Tronci E M, Moynihan B and Moaveni B 2024
Regularized hidden Markov modeling with applications to
wind speed predictions in offshore wind Mech. Syst. Signal
Process. 211 111229

[30] Brown M 1991 Spectral analysis without eigenvectors for
Markov chains Probab. Eng. Inf. Sci. 5 131-44

[31] Gamiz M L, Kulasekera K B, Limnios N and Lindqvist B H
2011 Applied Nonparametric Statistics in Reliability
(Springer)

[32] Sadek A and Limnios N 2005 Nonparametric estimation of
reliability and survival function for continuoustime finite
Markov processes J. Stat. Plan. Inference 133 1-21

[33] Limnios N 2012 Reliability measures of semi-Markov systems
with general state space Methodol. Comput. Appl. Probab.
14 895-917

[34] Perez-Ocon R 2012 Phase-type distributions Wiley
Encyclopedia of Operations Research and Management
Science vol 26 (Wiley) pp 25-7

[35] Sbeity I, Brenner L, Plateau B and Stewart W J 2008
Phase-type distributions in stochastic automata networks
Eur. J. Oper. Res. 186 1008-28

[36] Neuts M F 1994 Matrix-geometric Solutions in Stochastic
Models: An Algorithmic Approach (Courier)

[37] Seneta E 2006 Non-negative Matrices and Markov Chains
(Springer)

[38] Zhang Z, Si X, Hu C and Lei Y 2018 Degradation data
analysis and remaining useful life estimation: a review on
wiener-process-based methods Eur. J. Oper. Res.

271 775-96

[39] Sadek A and Limnios N, 2002. Asymptotic properties for
maximum likelihood estimators for reliability and failure
rates of Markov chains Commun. Stat. - Theory Methods
31 1837-61

[40] Barlow R and Proschan F, 1975 Statistical Theory of
Reliability and Life Testing: Probability Models (Holt,
Rinehart and Winston)

[41] Roy D and Gupta R 1992 Classifications of discrete lives
Microelectron. Reliab. 32 1459-73

[42] Eisenberg M 1972 Queues with periodic service and
changeover time Oper. Res. 20 440-51

[43] Lillo R E 2005 Ergodicity and analysis of the process
describing the system state in polling systems with two
queues Eur. J. Oper. Res. 167 144-62

[44] Limnios N and Oprisan G 2001 Semi-Markov Processes and
Reliability (Bikhouses & Springer)

[45] Ipsen I C and Wills R S 2005 Analysis and computation of
Google’s PageRank 7th IMACS Int. Symp. on Iterative
Methods in Scientific Computing pp 267-80

[46] Limnios N 1989 Reliability evaluation of a Moran reservoir
IEEE Trans. Reliab. 38 533-7

Yamei Zhang received her PhD degree from
Northwestern Polytechnical University, Xi’an, China.
She is currently a lecturer at the School of Physical
Science and Technology, Northwestern Polytechnical
University. Her research interests include system
reliability modeling and maintenance optimization.

Nikolaos Limnios is a distinguished professor

in France and worked at the Institute of Applied
Mathematics of the Université de Technologie de
Compiegne, France. Nikolaos In 2018, he received
the ‘Academic Palm Medal’ in recognition of

his academic contributions. His main research
interests include modeling and estimation of semi-
Markov systems, convergence properties of random
evolutions, and fundamental theoretical issues in
hidden semi-Markov models.

Bei Wu received her PhD degree in Beijing Institute
of Technology. She is currently an Associate
Professor and PhD Supervisor at the School

of Management, Northwestern Polytechnical
University. Her research focuses on system resili-
ence, reliability, and maintainability management.
Since 2017, she has published over forty papers in
high-level research journals and conferences, includ-
ing Naval Research Logistics, IISE Transactions,
IEEE Transactions on Engineering Management,
Reliability Engineering & System Safety, and
International Journal of Production Research.


https://doi.org/10.1016/j.ejor.2018.12.029
https://doi.org/10.1016/j.ejor.2018.12.029
https://doi.org/10.1080/01605682.2025.2516109
https://doi.org/10.1080/01605682.2025.2516109
https://doi.org/10.1016/j.ejor.2024.08.016
https://doi.org/10.1016/j.ejor.2024.08.016
https://doi.org/10.1016/j.ymssp.2024.111229
https://doi.org/10.1016/j.ymssp.2024.111229
https://doi.org/10.1017/S0269964800001972
https://doi.org/10.1017/S0269964800001972
https://doi.org/10.1016/j.jspi.2004.03.010
https://doi.org/10.1016/j.jspi.2004.03.010
https://doi.org/10.1007/s11009-011-9211-5
https://doi.org/10.1007/s11009-011-9211-5
https://doi.org/10.1016/j.ejor.2007.02.019
https://doi.org/10.1016/j.ejor.2007.02.019
https://doi.org/10.1016/j.ejor.2018.02.033
https://doi.org/10.1016/j.ejor.2018.02.033
https://doi.org/10.1081/STA-120014916
https://doi.org/10.1081/STA-120014916
https://doi.org/10.1016/0026-2714(92)90015-D
https://doi.org/10.1016/0026-2714(92)90015-D
https://doi.org/10.1287/opre.20.2.440
https://doi.org/10.1287/opre.20.2.440
https://doi.org/10.1016/j.ejor.2003.10.055
https://doi.org/10.1016/j.ejor.2003.10.055
https://doi.org/10.1109/24.46477
https://doi.org/10.1109/24.46477

	A novel method for reliability evaluation of Markov systems
	1. Introduction
	2. Research on the asymptotic for non-ergodic system
	2.1. Continuous-time case
	2.1.1. Reliability and failure rate.
	2.1.2. Conditional reliability.

	2.2. Discrete-time case
	2.2.1. Conditional reliability.


	3. Research on the asymptotic for ergodic system
	4. Numerical examples
	5. Concluding remarks
	References




